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Abstract

‘J’llis ])a]mr l)mscmis  alId filIalyzcs  a tuhnique  fc)r A uci Ilg the spurious sig]lal  coil -

tm)t in digital sinusoid sy]lt,liesis. S])ur recluctiml  is acc.o]nplishccl  t]lrougll di thering

both  wnplitudc  and phase values prior  tc) word-] cnglli mluc.tion.  ‘J’lIc  analytical  a]~-

})roac.h  dovclo])ccl for analog  qualitizatioll  is used

forlnallcc  in tlIcm ditl)md  syskvns.  Aln])litu(lc

duc.tio]l  wit]lout  illtroduci]lg  additio]ial  s})urs.

to producm ncw hounds  on spu I pcw-

ditllcri]lg  allows out]jut  word -lcllgth

l; flccts c)f })criodic dithm si]nilar to

that ])roduccd by a ]mudo-noise (l’N) ge]lerator  arc analyzd. ‘1’llis  phase  ditllcrillg

]IIctl  Iod provides a spur reduction  of 6(J4 + 1 ) d]] pm phase Lit, WIICN tlIe dither co]lsjsts

of J4 u]]iforln varia.tm. Wllilc tile s])ur Iduc.tio]l  is at tile expc]Isc  of all illcrc:asc  ill sys-

tem noise, tlIC noise can h made  whitq making the ]Ioise ])owcr spectra]  dmsity  sIna]l.

‘J’llis  tdlniquc  permits tlIC usc of a s]nallcr ]Iumbm of phase bits  addressing sinusoid

look-u])  tahlm, rosulti]lg in a]l c~x;)o]lc]itial  dccrcasc: ill systmn c.om])lexity.  Am})litucle

ditlleri]lg  allows tlIe usc of Icss co]n])licatcd  ]nultiplims  and nar rower  da ta  ])atlls  in

])urely digital a])})lic.atio]ls,  as wdl as tl]c usc of coarse-msolution, highly -li]lcnr  digital-

to-ana]og  converters (I IACS) to obtain  spur pmfonnancc  limited by the I)AC linearity

ratllcr than its rcsc)]utio]l.
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1 Introduction

It is well-kllowll that acldil)g a ditllcr  signal to  a  des i r ed  sigIlal prior  to qualltization  can

rcII(lcr  tllc qualltizm  error indqmndmt  of tllc dcsiml signal  [1, 2, 3]. ~lassic cxalnplcs  of

tl)is  work deal with tllc qual)tizat,ioll  of al)alog  sig)lals.  Ad\ranccs  ill digital sigl)al l)rocmsing

slmxl  and  larg;c scale intq;rati(n)  IIavc lcd to tlIc  dcvdoplncnt-  of all-digital rcmivcr syslmns,

dircd digitti]  fIcqIlmlcy  sylltllcsizms  alId direct  (ligital  all)itrary  wavcforll)  sylltllcsizcrs.  III all

tlIcsc  al)l)licatfim)s, s i n c e  fillitc  wor(l-lcIIgtlI  cfrccts  arc a ]najor  factor ill systcIII  colnl)]cxity,

tll)cy lnay  u l t i m a t e l y  dctmlllillc  wlIctlIcr it is cfficiult  to diF;itally inll)lc]ncl)t  a systcIn wit])

a. particular set of sl)ccificatiolls. l’)arlicr work [4] ltas })rcs(IIt,cd a tdll}iqllc  for rcdllcillg  tlIc

Coln})lcxitly  of digital oscillators tllrougl)  l)llasc  (Iit]lcrillg  with  tllc C.lailn of illc.rcasd  frcqucl]cy

rcsollltiol)  . l{cccnt  rcscarc.11  [5] IIas suggcstc(]  l i t i g a t i o n  o f  fi Ilitc-ltc)l(l-l(llg;tll  eflcc.ts ill t,l)c

fiy]lt,]l~sis  of Ovcrsalll])lcd  sil)usoids  t,llrollg]l  II OiSC Slla])illg;  . ‘J’llis  l)a}m sl]o]vs IIOIV tlIc  a]lalysis

tccl]lliqucs  Ilscd fo r  quaI)tizatioll  of  analog  signals  call l)c a])l)licd to ovcrcoIIIc  fillitc-word-

]CllFjt]l  cfl’ccts ill digital systems. ‘lllIC analysis  iII this ])al)cr slIows lIow a])])ro])riatc  dit,llcr

siglla]s  call Lc used to Kxlucc word ICllgtlls  ill digital sillusoi(l sylltllcsis  without  suffcri  Ilg

t,lIc lIorInal  ])enaltics  ill sl)urious  signal  l)crforlnallcc. l“llltl)cllllorc,  tllc dit$l)crillg  tcc}]]liquc

])rcscntcd i]) tll)is ])a])cr is lIot li]nit, cd to tlIc syllillcsis  of ovcrsaln]]]cd  s igna l s .

Col)vclltfiolla]  mctl]ods  of digi ta l  s inusoid ~;cncration  [6], e.g. l“ig.  1, rcsu]t in spuriolls

IIannonic.s  (spurs) wllicll arc c’auscd  by finite word-l cngt]l lr:])rcsclltatiolls  of botf]]  am])litude

al]d ])llasc salll])lcs  [7]. IIccausc  both tlIc ])llasc  a]ld aln])lltude  saln])les  are pcr]odlc  scqucllc.cs,
. .

tllcir fillitc  WO1’d-]CllF;t]l  rc])rcsc]ltatiolls  co]ktai]l  ])criodic. CIIOI SCCIUCIICCS,  w])ic}l  c.ausc Spursm

‘J’IIc s])ur sigI)al levels  arc a]~proxi~natdy  6 d]] ])CI bit of rc])rcsc~ltatioll  Lclow tl]c  d e s i r e d

sinusoidal signal.

‘.l’lIc tccllllique  ])rcsclItcd  in this ])a])cr  r educes  tllc lc])lcsclltatic)ll  word  lclIgtlI w i t h o u t

illcrcasi]lg  s])ur  lnagnitudes  by first adding  a low-level Ia]ldo)n  noise, or ditllcr,  signal to
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tllc al])plitudc  alld/or  the phase saIm)lcs, wl}icl)  arc original ly cxl)rcsscd  in a lol]gcr  worcl

ICIIgtfl I. ‘J’l)c  resulting suln, a ditllcd p]]asc  or allll)litudc  value, is truncated or r o u n d e d

to tllc sIIMllcr, desired worcl  lcllgtll. Ofcoursc,  cii,llcr tllc  alnplitludcor  t}IC ~)hascor both

call bc dit]lcmxl,  III pl)asc  ditllcrillp;  tllc sl)urious  rcspollsc i s  dctcrlnillccl  I)y t,llc  type o f

ditllcrillg  sigrlal c]nl~loyc(l. ]n allll~litll(lc(litllcrillg  tllc spu r ious  rcs])ol]sc  is dct,crlnillcd  by

tllcoli$;illal,l  oll$cr}  ~ol(llcllgtll.  \Vllilc  tllcalllI)litllClc-  lclatccls  l)llric)llsi sgcIlerallyl  clatc(lto

tl](:})llasc-lclatc(i  s p u r i o u s ,  wcw ill Illakctllc l)lc-ClitlllcIal  lll)litllcl(!\~~ ol(l lc]]gtll loIigcmouglI

to satisfy sl)llr l)owcr  sl)ccific.a{iolls. ‘J’l]c]l  tllc  exact  rclatiollsllip  is ullilllportalltl,  aIld sillcc

tllc IJllasc ditfllcr signal  is illdcl)clldcllt  of tllc  al])l)litudc  ditllcr  s igna l ,  t he  allll)lituclc  and

IJllasc:(litll(:lillg  l)roccssc:s call I)chcatcd  ill(lcl)(:ll(lc:]lt)l]~.

‘1’llcl]cxt  section dcscribcs  the qualltizcr  ]nodc], A1lll)litudc  and l)l]asc[lllz~lltizatioll  cf-

fccts:~lclcvicl$~(:(l  ill Scc.tiolls3 a]id 4,a Ild silllj)lcllcnv  I)oulldso]l  sl)urious  lJclfollr-lallccarc

l)rcsclltcd.  1]1 col]tlrast  to l)ou]]ds  ill tllc cxistil)g;  litcratum, tllc IIcw’ ljouIlds  are straightf-

orward and rcq[lim l i t t l e  illforllmtioll  al)out tlIc signal  t o  })c quantizd.  ‘J’IIc  dcrivatiolls

of tllc llcw l)oullds  p rov ide  lmtivatioll  for lIcw analysis  of ditllcrcd  qualltizcr  l~crforlnanc.c

that  occurs lat)cr ill this pal)cr. A]] analysis of ditl)crillg  with a l)criodic ~loisc  s o u r c e  i s

})rmclltcd  ill Scctlioll  6. ‘J’lIc l)clio(liclloiscsolllccis”  cmlsidcd  I.)ccauscof  i ts  silnilarity  to

ill~j)lcll~cllt,atic)lls  involving lillcar feedback shift  mgistcrs  (l,l~Sl{s),  or l’scmdo-Ncjisc  (l’N)

gcllcrators.  Nc\valla]ysis ()fl  J]la.sc  (]it]lcril~g;c  flk:ctsisl  )lcscljtc(lillS  cc, liollsTal]c  l8,fo]]ov~cc\

l)ysillllllation  results and a dcsi:;ll cxalnl)lc.

2 Quan~izer Model

\VhcI] a discrctc-tilnc  input signal, z[n], is l)asscd  tllroug}l  an iclcal uniform lnid-tread quan-

tizcr [8], the output  s i g n a l ,  y[n],  call a l w a y s  bc cxprcsscd  as y[n] = x[n] + c[n] wl]crc  c[7t]

is tllc qualltization  error, a dct,crlnillistic  function  of x[n]. ‘J’IIc i]lput  to tllc clualltizcr  i s
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lIIalJlml  to onc of 2b levels, Wllcrc L is tllc nulnlm  of bits wllic]l  cligitally  rcprcscmt  the i]lput

sallll)lc.  outl)ut  levels arc sq)aratml  Ly Ollc qualltizm  stcl)  s ize, A  Z- 2-b .  ‘J’hroug}lout this

])a])C)’  AA wi]~ hC I]sd as t]lc  stc]) si~c for a]ll])litudc  {lualltiZatio]]  rCsults,  ~]1 will bc Usd

fox l)IIMC quantizatic)n  results, a n d  A  will h usd if tllc rcsu]t  al)p]ics  t o  bo th  alnplitudc

and phase qualltiza,tion.  Similar suhscril)tillg  will bc used 01) tllc qualltlization  error.

‘J’IIc il]l)ut/out~)ut  rclatioll  of a lnid-tread qual)tizcr  a~)~)cars  ill

l)ot saturat,c tl]c quantizm  tl)c]l the quantizcr  c]ror  is [8]:

m
C[n]  : ~ ( -  l)p j2n kx[n]

cxp(-
k: -02

32nk A ‘“
k+o

I“ig. 2. If tllc input  d o t s

(1)

~otc LIIat, tlIc  a b o v e  cq~latioll is IIot,  corrmt WIICII tllc quaIItizcr  il)l)ut, is j A/21110dA.  ‘J’llis

is lIot a ~Jrol.)lcln silicc  future analysis il)volvill~;  this cxl)rcssioll  will treat tlIc  illl)ut  as having

a l)icccw’isc  cont,il]uo(ls  l)rol~al)ility  dmlsity  ful]ctioll  i n  wllicll c.asc  tllc mllcctio]l of l)oillts  ill

qucstiol~ IIavc proljability  II Icasu Ic zero. I f  tlIc iII1)IIt  sigl]al is l)oIIIIdcd  so tlIat [z[n]l < A~

wl~crc AQ = 1/2  - A ,  tlICII tllc qllal~tizcr  d o t s  IIOL saturate  aIId lc[?~]l  < A / 2 .  ‘1’lIIoIIglIout,

t,llis  l)al)cr,  cluant,izms  arc always ol)cratillg; ill 1]{)11-satlllati{)Il  ll-IOdC.

l,ct a. disc.rctc-tilnc  si]lusoid  w i t h  all~l)litudc  A  < AQ  aIld frqucllc.y  WO bc tllc inl)ut t o

a IIlid-tread quallt,iz  cr. If tllc sinusoid is gcllcratlcd  ill a syIIcl IIolIous  discrctc-tilnc  systmn,

Uo call bc cxprcmcd  as 27r tilncs tlIc ratio of two illt,cg;crs. ‘1’lIc illl)ut  scqucncc  i s  tllcn

])~]’iodi~.  si])~~ the crr~~ s~ql]~]]c~,  ~A[?l], is a ddc]”~Ilil)ist,ic  fl]]lctio]l  of  t]lc  i]l])ut scC]ucIlcc,

it is l)criodic as wc]l. ‘1’l)crcforq  tllc  SlmCtIUII-I  of tllc error scqumlcc  will cc)nsist of discrctc

frcqucllcy colnpollc])ts  (s1)u]s) wllicll colltalnillatc  the sl)cc.tnl~n of x[n].

‘J’hc following argument leads to all upper bound  OH tllc size of tllc largest

collll)ollcl]t  ill tl]c spcctru]n  of CA[TZ]. Assulnillg  the quantizm  is I]ot sa tu ra ted  l)y

4
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signal  x[n], tlIc  )naxilnum  ljossil~lc  qualltizatiol)  error i s  AA / 2 ,  wl]crc  AA is  tllc  a]nl)litudc

qualltizatioll  step size. ‘]’]Ic tot,tr] ])OWCI  ill CA [7/] i s  t,}IcII boulldd  b y  A~/4. l]y ]’arscva]’s

datio]l,  t]le s~lll~  of t}lC sl)~lr  l)owC]’s ill t]l C s])d~~]]]l of fA [?1] C~lllals  t]lC }) C) M’C]’ ill CA [?l.]. ]11

OIXICX to lnaxilnizc  tllc l)owcr ill a given s])ur, tllc total l)ulnbcr  of sl)urs  ]nust  Lc ]nillilnizcc].

])owcr ill a s])ur  o c c u r s WIJCI) t}]crc arc two  frequmlcy

wit])  qua] l) OWCI]. \Vitll  two frcqucllcy  co]nponc])ts  the

Sillcc 2[71] is real, its sl)cctruln  co]lsists  of d l)ositjivc and a )lcF; atrivc frcqucnc.y  colnpoltcllt,

cacll  l]aving  l)owcr  A2/4. lJsillg  tllc above Loulld  o]] s})llr l)OWCY, tllc SJ)Llriolls-to-Sigllal  ]{atio

(,$p,$lt) i s  < A~/(2A2). If A  = AQ = 1/2  l)lovi{lccl L i s  IIot sl]lall,  tl)cn  ill dccil~cls  with

ICS])CC.t  tO tl}(: ca r r ie r  (dllc),  Lf’jj5’lt  <3- (ib dllc  , WIICIC AA : 2- b, and L is tllc  word lc]lgtll

in bits.  III sull]lllary,  this  upl)cr l)oul Id olI ])owcr in a sl)ur  callsd  I.)y allll)litudc  qualltization

cxllil~its -6 dllc  I)CU bit l.)cllavior.

4 l’base Quantization llffccts

IJct  a l)llasc  wavcforl]l,  q+[77],  bc tllc inl)ut  t o

+[71] =- (~7t -{ @/2n )  is  a  sa]nl)lcd  sawtoot]l

tllc lnid-tread quaniizcr. ‘1’lIc IJl]asc  wavcforln,

w i t h  alnl)litudc  rallgillg fro]]] O to I. ‘J’lIc  frc-

quulc.y  to bc gcllcratlcd,  lncasurd  ill

is 0. ‘J’lIc  fractional opmator,  (x), is

+[7,] is gm,cratcd by a synchronous,

salnl)lcs/c.  yclc,  is ~, and tllc ~)})asc,  lncasllrcd  ilI rac]ians,

ddind  so tl]al, (x)  = x Inod  1 , e.g., (1 .3) = 0 .3 .  Sinc,c

fillitc-l!’or(l-lc:llgtll,  discrctc-tilnc  systcm, it has a finite

pmiod. ‘J’llc  sigl)al output  frmn  tl]c  quallt,izcr  call hc cxpmsscd  a s  ~~[n] -{ C,)[7Z], wl]crc  c~l[n]

rcl)rcscl]l,s  tllc error introduced hy qualltizatioll. Sillcc  f#~[71]  is periodic, cJ, [7t] is periodic with

a period lC S S  than or equal to tllc l)criod  of qf~[n].  After lmlltiplication  hy  2n and l)assagc

1 I)C ofl’sets and half sallll)lillg  rate s.l)urs  arc cxc.ludcd bccausc  tlIcy can bc corrcctcd by appropriate

calibration and filtcri~lg.
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Lliroug]]  tl]c  ideal fullctkl)  gplcrator, tl]e c)utl)ut  signal  is y[n] = A  cos(27r#[7L]  -I 27rc}1[n]).

I f  iJIc qua]ltizcr  IIas lnany lcvc]s , i.e., > 16, cIJ[n] << 1, al)d tlIc  small ang]c  a~)l)mximatlion

y[?l] w A  cm(27r{~[7~])  - 27r AclI[?I] si11(2n #[n])  ]nay  bc usd.

Sillcc c)J[71] and q+[n] am lmimlic, tl]c  total  e r ro r  27rAcI~[7~]  siII(2Tq!J[T~])  is ~mriodic. ‘J’hc

total  error power is bou]ldcxl by n 2A2A~, Lcc.ausc  Cl, [n] is l> OUIICICXI by Al, /2 and t,}]c mag]li-

tudc of a si]lusoid  is boulldcd  by unity,  ltccallillg  tll]c argumm]ts  i]) tl]c  p r e v i o u s  scxtioll  on

all-ll)litudc  clualltizatio]l  effects, tl]c ll)axilnull)  sl)ur  power of t,l)c real error sig]lal is l)ou Jldcd

by l)lacillg;  the total error power il]to two slmctral  comlmllcllts. ‘J’llcrcforq  tll(: lnaxi]lmln spur

p o w e r  i s  7r2A2A~,/2,  WIICXC  A}, T 2- b and b b i t s  a rc  USCXI to rcj)mm]t  l)}lasc salnp]cs.  IIy

tllc almvc  apl)roxilllatlion  f o r  y[77] aJId tllc l)oulld  o]] tlic SI)UT l)OWCJ, tllc SIJllriolls-to-SiF;llal

llatio  lJOUIIII  is S1)S1/ < 27r2A~,  = 13- 6b dl]c, il]dclmlldc~lt  of tllc signal  alnl)litlldc,  A. ‘J’llis

IIcw, sil]]l)lc dcrivatiol]  {lclllol)stll:itc:s  tl]c ulldcrlyillg  -(idllc lw.r 1)1 Iasc bit Imllavior,  witlllout

tllc ana ly t i ca l  mnplcxity  found  in otlIcI  cxistil]g  l)ounds. h401c  con)plicatcd  argulnmts  [’7]

illq)l’ovc  tllc 1.)01111(1 by about 9 (11).

111 t,llis  scctiol]  rouncling  tllc  sul]~ of an already qualltlizcd  silmsoid  aTld all appropriate  di ther

sigl)al is  slIowII to c a u s e  s})llrious  lna?,llitudcs  wllicll dcl)clld  011 tllc origil}al  (Io]]gcr)  word

k!llgth,  JIOt the out]mt  (shorter)  word  kmgth. ‘J’llis pllc]lo]nc]]o]l  occurs at tllc Cxl)cllsc o f

illcrcascd systcm noise froln  tl]c addition of t})c ditl]crillg  signal. A]] iln~)ortant  fillitc  worcl-

ICmgt]l  ditl)crillg systcm is subscquclltly  s}]owIl to bc cquivalmlt  to tllc  co]ltil]llolls-alll~  )litll(lc

Illliforlllly-(litlllclc[l  systcm.

Ccn)sidcr  t,l]c cmlccptual  block  diagraln  for a wavcforlll  g e n e r a t o r  SIIOWII ill l’ig. 3. ‘J’l]c

l) bit qual]tizcr  can  bc spl i t  into  two l)arts as ill l“ig. 4 : a lligll-resolution II-bit  qua]ltizcr

(11 > /,) followed by trul]catiol,  OJ rou],dilig; to 1, l,its. ‘J’IILIs, tllc g;mlcratiol] l)IOCCSS  c,ol]sists
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of two sqmratc  steps: production of a IIigl]-rcsolutiol]  wavcforln  a]ld reduction of tllc word

lcIIgtlI. ‘J’lIc  ]IuIlllm  of bits usd to rcpmmlt  the I]igl)-resolution salnp]cs  sl)ould  hc sufficient

to guaral)tcc  the desired spectra] ~)urity. ‘J’IJcII,  tllc word lCIIgt411 should bc rcduccd  without

creating cxc.css sigl)al-(lcl}cllclcl]t quantizatio]]  error.

‘J’lIc input  ill l{’ig. 5 is a IJ-bit rc~)lcsclltati{)]l  of a

W]ICIC  f:Ao[?l.]  is t])c quantizatioll  e r r o r .  ‘J’l]c  ditllcr

sil)usoid,  x[n] : A sil](2m~~[7z]) -{ CAO[?l],

signal,  .zI,[n], i s  wl)itc  ]loisc u]]ifor]nly

distr ibuted in [- AA/2, AA/2), WI]C]C AA = 2- b . ‘J’llc  sum zU[?/] -I x[n] is rouI]dcd  to lctai~l

only  the L most significant Lits. ‘J’l Ic rounding  call Lc Inodclcd  as a uniforlll  qualltizcr wit])

stcl)  size AA. ‘J’l]c  alnl)litudc  A is CIIOSCI]  to avoid saturatil]g  this qualitizcr  WIIC]I tlIc ditllcr

sig]lal is ad(]cd,  i.e., A  -1 ~A/~ < AQ.

‘J’IIc output  froln  t}lc  qualltizcr  call be cx])Icsscd  as y[n] ~ x[72] -1 2,, [?1] -1 CA [n]. ‘J’]tc

cl]aractcris(ic  function  of tllc dit$l)cr  sigl]a],  z,, [n], is:

2si]l(oA~  /2)
l’;(a) = It {Cxp(jo’z[?l])}  ~ -

CYAA
si]lc, (- ) ,

<YAA ?.?i”
(2)

wllicll IIas mm at IIo]i-zero il)tcgcr  Imlltil)lcs  of l?n /AA. ‘1’111]s, as slIown in [1], CA[T~.] will lm a

wllitc,  wide-sc]lsc staticnlary  procms, uniforlnly  distributed over [

]lot contrihutc  sl)urious  llarlmllic.s to tllc outllut  sl)cctru]n  of y[n].

ill ?J[?l] al’C t]lC1’Cfo]’C dllc  to CA()[?I], W]lidl al’C ])1’CsC1lt  ill t~lC ~J-bit

AA/2, AA/2), and it will

ATiy sl)urious  C.oml)omxlts

input,  x[n].

I t ,  rclnains  t o  c.ollllncllt c)?] tllc Iloisc l)owcr  ]Iot isolatd ill discrctc s~)urious frcc]ucl]cy

colnponc]lts.  Gray and Stocklla]n  IIavc SIIOWII  [12]  that  the ljowcr  ill tllc signal  y[n] - x[n] =

~;A[71] -{ ZU [n] is A2/(i. ‘J’)li S iS ap])l’oxilnatdy  tWi C.C t]lc!  C1”JOI’  Varial]cc  of a qualitizatiol]  Systcln

with JIO ditllcrillg  signal. in  sulnmary,  y[?l], wllicl)  is quantized  to b bits, cxllil)its  s p u r i o u s

lJcrforlnallc.c  as if it was quantized to 11 l)its (11 > b), at tllc  cxl)c]lsc  of doub]illg  tllc w]litc

]) oi sc l)owcr.

]Iccausc the input  X[71] is cx})rcsscd  as a }1-l}it  va]uc,  all inll)ortant  systc]n  e q u i v a l e n t

t o  c.olltillllolls-  aI1-ll)lit,ll(lc,  Illliforll)ly-[litllclccl  word-l c]lgt]] reduction  can  Lc co)lstructcd. l{c-
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l)lacc  the ul~ifcmn]y  dishibutcd  ditllcr  signal, Zti[n], Ly a fil~itc word-lcngt]l  rc~)rcxclltatioll  of

it, Z[n], whic]l is said h be discrdcly  a]]d cvcl)ly distributed over the (1~ --- L)- bit quantized

va]ucs  ill tllc region [- AA/2, AA/2). IIcuristically,  z[n] randolnizcs  tllc ~mrtioll  of tlic finite

word  -lc])gt]l illl)ut, x[71],  that is about  to l)c tl)row]l  a w a y  by tllc rou]]dcd  trullcatioll.  ‘J’his

pmccss  is cquivalmlt  to continuous  ulliforln  ditllcrillg,  sillc.c if z[n]  is lmddcd  out to all illfillitc

]IuIJ]l~cr of bits by })lacillg  zeros bcyolid  tl]c  least sigliific.ant bit (l,Sb), thcIl  oIIly the 1) -- b

]nost  sig]]ificallt  bits of z,, [n] will l)avc all effect o]] tllc resulting; sum, x[n] + z~[n]. All of the

hits 1)C1OW tllc ]nost  sigllificallt  ]1- 1) arc added to zero, and ca]]llot  beget a carry.  ‘J’l]c out~)ut,,

y[?l],  is idclitic.al  ill botfll  systmlls. ‘1’]lcrcforc  z,, [?l], col]ti]luously,  ulliforlnly  distril)utcd  o v e r

[ -  A,~/2, AA/~)  Call bC I(])lad })Y t],c disc.rddy  Vall]d  Z[7,], and yic]d t}lc! salllC!  sl)llliolls

I’cs])olls(! for y[?l] .

It al)l)cars  that tllc fillitc  w’ord-lcllgtl) ditl]cr signal)  z[7?], could Ijc gmlcrat,cd  Ly a l inea r

fccdl~ack shift register (1,1’’S1{),  or I’N gulcrator. ‘J’llis  will I)c strictly true o]lly if tllc I’N

gcllcrat,or  IIas all illfillitc  l)criod, si]lcc, at this t,illlc, tllc  ditllcr signal  i s  rcquilcd  t o  IJc

wllitc.  1 ]owcvcr , it is )Iot sull)risillg  tlllat  ideal  l~cllavior is al)l)roacllcd  as tlIc lmriod  of LIIC

1’N F;C1lC!ratOr  g(!tS ]o])p;cr. Wit]]  a suflic.icllt]y loI]g l)criod,  tllc case w h e r e  spuJ Inagllitudcs

a r c  ]ilnitcd  by t}lc  origi]la]  w o r d  ]cllg;t]~  call l)c ac]licvcd. ‘1’hc following scc.tion gives a

sil]ll)lc ]nodd  for a systclll  illll)lc~lllclltatioll  usil~g a pe r iod ic  ralldo]n  scquc])cc  wllicll call Lc

al)proxi]natcd  l.)y a l)N generator.

‘J’llis scctio]l  allalyzcs tllc usc o f  a l)criodic  ditl]cr sigl]al w i t h  a  long  ~)criod, 1., f o r  both

alnl)litudc  and plIasc  ditllcrillg. Sillcc  tl]c  ditl)cr s ignal  is  ~Jcriodic, tllc cliscrctc  frcqucl]cy

Cmlnl)ollc)lts  ill its spcct,ruIn  will colltalnijlatc  tlIc  desired sig]]al.  It is S}1OWII that tllc period

call bc c.} IoscII to satisfy worst case sl)urious  slxcificatiol]s. III th is  scctiol), tllc c,asc WIICIC
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tlIc ditlIcr  s ignal  js r;cncratd  using  onc u]lifor]n  va r i a te  (J4 = 1 ) ;s give!]).  WIICII  tl]c  dither

s;gllal  ;s tl]e  su]n  of Al illdq~clldcllt  ulliforln  v a r i a t e s  (AI > 1), as ill Scdion  8, tllc allalysis

;s tllc salnc l)ccausc t})c resul t ing sigllal ;s an i,i. d. scqucncw  of randoln  variab]cs,

IIlstcad  of usil]g  tllc wllik  ditllcr l)roccss,  ,zU[?i],  dcscribcd  ill tl)c  ~Jrcvious section, collsidcr

a  subst;tutc,  z], [n], wl)jcll  js ])criodic  wit]l ]xxiod  1/, AIIy two sam~)lcs,  Z1, [?I]  a]ld ZJ, [?L -~ m ] ,

wlIcrc  m =/ O mod 1,, arc jndc})clldcllt.  Salnl)lcs  of zI, [71] arc uIliforlnly  distributlccl  bctwccJl

[- A/2, A/2), a,,cl tl,c quantjzatioJ,  stc~, size is A.

Wl]cn  2], [7?] js used as tlIc  ditllcr  signal, let tllc qual]tizcr  error hc called c~[n].  ‘1’IIc auto-

CO1’lC]djOIl Of 21, [71.] W1lCJ1 t]lC ]ag, ?n, iS all ;llt,CgC1’  lllll]tip]C  Of ~, iS Cqlla] to ]/,21,2,,  [()] = A2/ 12.

in tllc I’N generator ~ll~l)loxill~atioIl  to this ]Ioisc  source, 1, z ’21- 1 wlicrc 1 is tllc lc]lgtll  o f

tllc shift register iJl Lits.  At ot]lcr lag values, tllc  saIJ]lJlcs  of .z~, [7z] are ;Ildcj)cndcllt,  and sillcc

th(!y llavc  Zcl’o  ll”lcall  , tll(!  alltoc[)rlc:latioll”  is mm. ‘J’licrcfom, Cxl)rcssil)g;  tllc autocorrclation

as a discrctc-tjlnc  l“ouriu  series:

1)- 1 ~2 .
1/2,,2,, [?,7] =  ;; J[771 ,,”,0(1  1,] = ~ -j ~1 ~x,)(~2;7’”)

, )

wlIerc  6[777] is t,hc l{mlIcckcr  delta fullc.t,ioll  ($[0] z 1, d[?n]  L O, 177 # O ), and 21,[71] c o n t a i n s

1, d;scrctc frcqucl]cy  colnl)ollc]lts,  cacll wit,ll  IJOMICI A2/(1 21,).

III tlIc  a~ltoc.c)llclatic)ll  cxprcssioll  fo r  Cl, [n], tlIc  cxpcctatiol]  is takm)  o v e r  tlIc  ra]ldom

variah]cs .21, [77] and 21,[71  -1 m], using  tllc  defini t ion of  Ll)c autmcorrclation  and l’;quatio]l  1:

1/,,,.,,[?,, n -1 m]= :: S o~[n]a;[n -1 772]); {Cxl)(y  (LZL[,2]  - /2,,[7, -{ m]))}
k: --031 :.- cm

k+o /#(1

W]l CJ’C:

~k[tl]  ,  q-” Ok j27rks[?l]
Cxp(-  ~-

j2n k ).

‘.l’hc clcsirccl signal  to wllicl)  tllc ditl]cr si.ylal

earlier sections, iJl pllasc qua  Iltizatioll, s[n] =

L\

21, [77]  is added js s[71]. Using  tllc IJotation

#,[71] aJld ill aJnplitudc  quallt,izatiol)  s[7z] =-

9

(3)

from

x [?1] .



Wlle]l  tjl]c lag is ]lot a IIon-zero i]ltcg;cr  llmlti~jlc of 1,,

1; {Cxl)(y(kz,,[n] - Iz,,[n + m]))} =- IJ’ {cxP(@p”l )} 1; {Cxl)(+y’ ‘i ??’])}
‘- I’;(2;$I’J: y) =- qkpi[l]  .

‘1’llis  last fact is true bcxausc  tllc c.llaractcristic.  function of 21, [71] ltas zcTos at all 11011 -zcTO

illtcgcr  lnultiplcs  of 27r/A  (l~quation  2 ). nut sillcx:  k and 1 IIcvcr a s s u m e  tllc value O in

II;quatioll  3,tllcalltC)c.O1rclatioll  func t ion  iszcrowllc]l  tliclag  is IlotO1llo(l  1,. Wlicntllc]ag

is O mod 1.:

‘1’llis  results ill:

( 27[ k )ltcl,c:,,  [?l,?l-{ ?/2]=  ;::.$----;2CC)S  -A ( s [ ? 1 ] -  S[n-i  m]) .
k= 1

(4)

S e t t i n g  711 L O ill (4) and cwaluatillg  the rcsultillg;  sulnlnation  [9, IJagc 7] yields  tile ]mwcr

ill Cl, [n]: ltC,, C,, [7~, n] I A2/12.  11’ro]n  l’;quatiol) 4 , c~,[?l] is a cycle-stationary proccxs  bccausc

s[?1,]  has a fillitc ]mriod, N. lJsil)g t,llc results of l,jul]g [10], sl)cc.tral  illfor]natioll  is obtaillcd

wllcn  l’;quation  4 is averaged ovm time. Notct,llat  WIIC]]  tllc lag, ?n, is not only  all i n t e g e r

lnultil)]c of 1., tfhc period of the ditlllcr, hut  also an illtcgcr  lmllti~)lc  of fV, tllc autocorrclation

function  cqua]s A2 / 1 2 ,  indcpm]dc]ltly  of n. ‘1’llc s]nallcst  IIoII-mro  lag that satisfies tllcsc

t w o  c o n d i t i o n s  i s  t h e  l e a s t  co]nlnoll  ]mllti])lc  of 1, al]d  N, dcllotcd  by q], wllcrc  q is all

integer. ‘1’hercforc, the period of tllc  t l i lm-averaged autocorrclatfion  function, 1/6,,  [m] =-

Avg;,,(lf~,,~,,  [71,71 + m]), is at Icast 1, and  at ]nost  ql,. I,ct tllc period equal c],, w]lcre  c is an

iIlt,cgcr, 1 < c ~ q. ‘j’lIc  fullctiol]  ltC,, [m] can  l)c cx~)rcsscd  as a su]ll of clJ wciglltcd  c.omljlcx
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Wllcl’c
] cl,- 1

~l; ~ ~{c,,[?,z]cx,)(l~:;~) = ;l, :l{c,,[,,l,]cxl)(  !?~’’~.)  .p, =- -
?11= o TL-

C

‘1’lIc last equality is true since tlkc autocorrclatioll  function  ill ltquat,ion  3 al]d its tilnc-average,

lie,, [7Tl] are zero for lags ]lot cclua] to ilitcgcx  IImltip]cs  of 1,. ‘J’hc wcigllts,  pl,l =- 0,1, .,.cI, - 1,

arc tllc ]Jowcr Inagl]itudcs  of tl]c  s p u r n . ,Sincc I–tC., [772] < A2 / 1  2 ,  t h e  spur l)owcr  can  bc

b o u n d e d :  pl < A2/ (12cI , )  < A2/(1 21,). l;qua]ity  is acllicvcd  when the ))criod  of tlIc  timc-

avcragcd  autocorrclation  function is exactly 1,, tllc Iniod  of t}Ic ditl)cr.

As 1, - ~ cm, the spat.illg lxtwcc]) SIJIII’S goes  to ze ro  in t,l]c sl)cc,tra  of Ijotl] c~,[n]  ancl

z~,[n].  ‘J’l,c p o w e r  i,, an i*\dividual  sj,ur goes to  zero, l)ut tl]c  dcllsitly (power ]>cr unit  o f

frcqucmcy)  knds t o  a coIIstaIIt. ‘J’l Ills, idea] wllitc lloisc bcllavior  is

2,,[?1.]  and cl,[n] a rc  cor re la ted  ill gcl]cral, tl]c  worst c.asc s})ur l)owcr

a d d s  Lllc l)ow’cr s})cc,tra  froln  bot]l  l)roccsscs. l’or tlllis  rcaso]l,  1, shou ld

al)I)roac.llcd.  W h i l e

scenario cc)llcrmltly

bc chosen to satisfy

A2/((ii/) < I;,,ax, wlIcJw l~,,ax is t)l IC II)axilnulll  accq)t)ablc s])ur  ])owcr. WIIclI collstructil)g  a

ditlhcr  signal as the sum  of flf -> 1 illdc])clldcllt,  ulliforlll  variates tlIc  noise autocorrcdatiol)

l}cxolllcs  lt2,,21, [772] = (J4A2/ 12 )6 [m ]nod 1,]. ‘J’l,c  analysis follows closely  to tl]at for M : 1,

and 1, sl]ou]d  bc cl Ioscl I to satisfy (A4 + 1 )A2/(121J)  < l~,,aX,

As ill tlIc  ])rcvious  scctiol~,  since ihc dcsimd signal  ]Ias fillitc  word  lcIIgtlI,  it is ccluiva]cnt

to round  or truncate  tlIc ditllcr  sig;llal  to all ap])rol)riatc  w o r d  lcngtlI. An illl])lc~Ilclltatioll

using a I’N gplcrator  is all approximatio]l  to SUCII a tru]lc.at,cd  ])criodic  noise sourc.c wllicl)

produces a })criodic, scqucIIcc  of discretely aIId cvcIIly distributed rallclom  IIumhrs.

7 Phase Dithering

III this scctiol),  ])llasc ditllcrillg is allalyzcd using a col)tilluous,  zero-lncan, wide-scl)sc sta-

tionary scqucncc. A s  clcsc.ribcd  in Sec t ion  5 on aInplitudc  dit})cring,  an cvcIIly clistributcd
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d i s c r e t e  ralldo]n  scqumlcc  is cxplivalellt  to col]tinucms  ulliforln  dithering  wllcn  the  initial

}Jllasc word  is quantized toafillitcllllllll~c]c)f  l~its.

l,ct, t,l]c digital  sillllsoi(l  tol~cgcllcratc(l  h:

Z[??] = COs(%l(qqn]-1  ([n])) (5)

so tl]at tllc d e s i r e d  p]lasc  is ~[n] as dcfil]cd  ill Scctioll  4 . ‘1’llc total  qualltlizatlion  noise is

c[n] : cl,[?~] + Z[TL],  tl)c  SU]I] o f  tl)c ditl]cr sigl]al and t h e  qualltizm  error. lJsing  slnal]  ang]c

f\l)lJ1c)xilllatliO1ls:

*[77] =-- cos(2m<fn -{ O) -  27rc[n] sill(2m$f71  -} 0) -} 0((]nax(c[71]))2)

‘J’llc toial  qualltizatlioll  IIoisc  will lx cxalnillcd  by COnsidcrillp;  tllc first two tcrllw above, allcl

tlllc]) t,l)c scco]ld-order, 0([1nax(c[71])]2), cfrcct.

Since t,l)c qualltizatio]]  error  a f t e r  ditllcrillg  is illdcl)clldcl]t  of tl]c input  signal  [2] ([?1] i s

ul]corrclatcd  wit}l tllc desired sillllsoids.  \4~itlloutl  loss of gcllcrality,  and for case of notation,

l(!t us  shif t  tllc uniforln]y  distril~utml  d i the r  ra]ldo]n va r ia te  raIIgc  to [O, AI.), ‘J’lIc  t o t a l

l)llasc  qualltizat,ioll  Iloisc ([Tz] will ljc r[tt]  : -  ],[TI,]AIJ  ltrjt,],  ~~l(~ljal~j]ity  (I -  p[71,]),  a,ll(]  ~[71,] :.

( 1  -  y[n])AJ~ with l)robal,ilily  p[n]. ‘1’lIc va]uc  p[n] is tllc d i s t a n c e  froln  tl]c  initial  lligll-

l)rccision  l)llasc  value, ~[Tt], to tllc IIcarcst  ~rcatcr quantized  valllc  IIorlnalizcd  by the phase

quallt,ization stclj  size AJ~. ‘J’l]c  value of the })rol.)abi]ity  scqucncc  ~J[n] varies l)criodically,

sillcc  ~~[?~] =  #~[?~]  ]nod  Al,, a]ld ~J[7/]  i s  ])criodic;  llowcvcrj  a t  a l l  sample  tlimcs  ?1 tl)c first

Ilmmcnt of tllc total  phase qualltizatiol)  noise ,l~{([?l]},  is zero.

II]forlnation  ahmt tllc s p u r s  and l]oisc ill tl]c  ~mwer s])cctruln  of x[7L] is ol.)tainecl  f rom

tl)c autlocorrclation  function. ‘1’llc autocorrclation  of x[n]  is:

A’{x[?l]x[?? + 7?2]} =-- cos(2Tf?L -( d)) cos(2nj(?2  + m) + 0)
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SJxxtral  illfcnmation  is ol~kincd  Ly averaging over tilnc [1 O], multil]g  ill:

WhCIC  kc, [?72]  = Avg,, (h’{ c[n]([n  + m]}), tJIc t ime-averaged autocordatio]l  of ihc total

qualltlizatio]l  IIoisc.

‘.I’IIc  power spcctru  IIl of x[n],  tllc h’ouricr transforln  of tJIc autocorrclation,  is tl)c  power

s]xxtruln  of tl]c  desired sinusoid of frcqumlcy  ~ ])Ius tl]c  total  qualltizatlion  lloisc  ampli tude

lmdulatcd  o]] tllc d e s i r e d  s i n u s o i d .  N o t e  tl)at sillcx:  ~{,,[m] =-. O(A~,), allcl  Al)  << 1, tllc

IImdulatiol]  il]dcx  is slnall,

‘J’o  a first order, tllc Ahfl signal  l)roducd  by l)llasc  ditllcril]g  is c.lcar of spurious IIar]nollics

dowl) to tl)c  lc!vc] duc to  lmriodicitics  ill t,l)c ditllcr  scqucmcc. ‘1’llc ]Icxt scctioll  will cxalninc

sl)ur  pcrforlllallcc  ill ]Ilorc dctai],  Lut first it, is illq)orta])t  to collsidcr  tllc ]Ioisc  lmwcr  s~mctral

dcllsity multing  from tllc l)llasc  ditllcrillg  I)]OCCSS.

llccall tJlat for ally f ixed tilnc 77, tjllc  }Jro})al)ility  distril>ution  of ([n],  a fuilctioll  of p[71],

i s  dctmnincd  b y  tllc il)})ut si~;llal, hut  tl]c  out,coInc  o f  c[?l] i s  dctcrlnillcd  altircly  by tllc

outcolne of  the clitllcr  signal  2[71]. Wllc]) 2[71] al)d .z[n -i m] arc illdcl)clldcllt,  ralldoln  varial)lcs

fo r  1]01]-zcIo lag ?/?, c n[ ] and ([7? + ?l~] a rc  a l so  indc}mldmlt  for ?n ~ O, a]ld llc]lcc ([?1] i s

sl)cc,t, ra]ly  wllit,c.  111 t$llis case, tllc allt{)c[)llclatioll  Ijcco])ms:

WIICIC  Var(c) i s  tllc til}lc:-av(:la.g(:(l  variallcc o f  tllc  total  qualltizatioll  IIoisc. ‘J’l Ic rcsu]tillg

sigllal-t,o-noise ratio (S Nit.) is apl)roxil)latcly  1 /(47i2Var(C)).

Wl)c]l  tllc ditllcr  signal  is C.mlstructcd  fro]]) OIIC ulliforlll  [–Al)/2,  A},/2) ra.lldoln  variatm,

tllc error c[7L] is Lou]]dcd  Lctwcc]l  - Al, to Al, wllcrc  AJ~ = 2-b a]ld b is tllc IIUIIIIXI of hits
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i]] tlllc  ]}l)asc rcq)mmhitio])  a f te r  tllc word-lcnlgtll  is rcduccd. ‘J’llc IIUIIILCI of  bits, L, lnust

Ix:largccn]ougll  tosatisfy  tl]csll]alla llglcass~llIll)  tiol~carlicr,c .g., Lz4. ‘1’llctil]~c-averaged

var iance  o f  c[n] is less tl]an or cqua]  to 2-2b/4,  and the SNI{ is 22b/7r2  == 6.02L - 9.94dll.

Sil]cc tlm  sinusoid gcnlcratcd  is a real signal, tlIc  sig]lal ~)owcr ill tllc SNI{ will 1X equally

divided bctwceII  positive and IIcgativc  frcqucllcy coIII1mIIcIIts. If tlIc  sinusoid is tlIc  Icsu]tj  of

a disc.  rctc-tilm ralldoll]  p rocess  with sall)plillg  frcque]lcy  f8, tlIcl I tlIc  resulting  Iloisc power

slmct,ral  dcllsity (N I’SI)) will bc givml  by:

N1)SI) w - [SNR/2  -{ 10 loglo(fs/2)]  dllc/llz

<6.93 -  lolog,[)(f./2)  -  6.02L dl\c/l  Iz. (6)

‘J’al>lc  1 gives noise power spcc.tra]  dcllsitics  as a ful]ctio]]  of tllc I)umlmr  of bits I)CI cycle, b,

at a 160 Mllz salnl)ling  rate, calculated according to tl]c  al~ovc formula.

7 .2 Second Order Analysis: Residual Spurs

]ror a worst-c.asc  al)alysis  of scc.o]ld  o rder  cfrccts,  cxpal]d tile initial cosine  frolll  }tcplatioll 5

l)y t]ic  su]n  of allglcs  fmmmla:

z[n]  =- cos(27rc[n])  cm(2n.f71 + 0) - sin(27rf[71])  sill(2m.f71 + @) .

II]forll]atioll  about  IJI]c s])urs  ill tl)c  I)OWC]  slmctruIrI  of z[71] is obtaillcd  fmn tll]c aulmcorrcla-

Lioll fu]lctioll  at IIOIIZCIO  lags. WIIC]I  tllc ditllcr SCCIUCJ]CC , z[?l], is a scqucl  Icc of i.i. d. variates,

tllc alltjocc)rlhc:latioll  ful}ct,ion for x[n],  wit]] lag m IIOt cqua]  to mm, i s :

R,.,. [n, n -i 7?2] = L’{x[ ??] *[?? -{ ??1]} = l;{ X[??]}A’{X[??  -i ?n]} .

‘1’l]c cxlwctcd  va]uc  of X[?l] is a dckmllillistic  fullctliol]  of tilnc. l’roIII tllc ahovc cxl)rcssioll,  it

follows that spectral information about  tllc ralldol))  l) IOCCSS 7[??],  wit]) t,l)c cxcc})tiol] of lmisc
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floor  illfcmmticnl, is ccnltai]lcd  ill ]~{x[?t]}, wllicll wc c a l l  tl)c  ‘(cxpcctcd

r[71] is zero )nca.n at, all salnl)lc  till-m  tjllc  cx}mctcd  wavcforln  reduces  to:

wavcforln”.  Sin cc

~’J’{4’~1} = (1 - ~~’~;{~’[d}) ~dz~f~t + @) i WSJ) .

‘J’llc forln  of tl]e  cxl)cctml  wavcforll]  cl(!arly sliows that  tl)c  s})urious colltcllt of tllc signal  will

bc derived froln  tllc dclm]ldcncc  of sc!col]d a]ld l l igl]cr-order ]no]ncllts  of t}lc quantizatiol]

]Ioisc. It, is this fundalncllta]  pril]cil)lc  that  will ultilnatc]y  lead to the —12 dllc ~Jcr ~)ha.sc

Lit l)cllavior  for ul]iforln]y  IJllasc-ditl)crcd  sinusoid  gcllcrtit,ioll.

It rclnaills  to collsidcr  tllc sccolld  IImlllcl)t of tllc total plla.sc  qual)tization  lloisc,  l~{c2[7z]},

wllicll wc e v a l u a t e  by using tllc })rol~al)ility  SC(ltJCJICC,  p[n], froln tllc ~}rcvious scc.tioll  as

J;{(2 [71]} = A~,(p[n]  – p2[tL]). As SIIOWII  ill tl]c al)pclldix, ill tll(! w o r s t  c a s e  this  scqIJcIIcc

produces a S~)IJY whose  frcquc~lcy is tllc rcflcctioll  olI tl)c desired sigl)al  across 1/4 tllc salnplillg

rate, allcl  tl]is worst case is ac,llicvcd  for a large class  of frc:qucncics. ‘J’hc cxpcctcc]  waveform

is :

k’{x[n]}  = ( ( 1  - 7r2Af)/4)  -t (7r2A:,/4) COS(7T??)) cos(2m~n  +  @) +  O(A~,)

== (1  -  7r2A~)/4)  cos(2m~7?  -I  0)+ (7r2Aj,/4)  cos((2x~ -i m)?~ - t  0) - t  O(A:)),

clcar]y  sllowil]g  tl]c  desired signal  and sl)ur  col]llmllcllts. ‘1’]) us, drol)l)illg  t]]c O(A~,) tcrln, a

-1 IS d]]  }m bit power Lcllavior, t]l(! worst-case s})lJr  ]CVC]  rc]ativc  to tllc desired sigl)a] after

trul)catfillg  to L Lits  is (L$’p.$’it):

S])s1(  $3-
7r4Af, /l(i

(1 -- 7r2Af)/4)2

111 sul]llnary,  if b Lits  of l)llasc  arc oul,l)ul, to a look-u])  tfiLlc, and 11 bits of ])llasc (11 > L)

ar(! used ~)rior to t,ru]lcatioll, tllcl] tl]c  adclitio]l  of all al)l)rol)riate  d i t h e r i n g  sigl]al using

(11 - b)

usual –

Lits  will allow tl]c  word lcllgtl) reduction without introducing  spurs  govcrJ]cd  by tlc

6L dllc Lcl]avior. If a sil)g;lc ralldolrl  variate is added as a ditllc,r  sigma] (first-order
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ditllcrillg),  tllc spur su~lprcssion  is accclcratcd  to 12 d]] ~m bit of ~)llasc  Iclmsclltatioll.  Since

tllc tal.)lc size is only  cffcctcd  lillcarly  by tl]c  IIuInl)cr  of l~its in a table cllt,ry, rather than

cxpollcntial]y  as it is by tllc lIuInlm  of ~)llasc  bits,  tllc  all]Ijlitudc  word le]lgtll  is of secondary

ilnlmrtallcc  to the phase word lcIIgth,  cs]wc.ially ill all-digital systcu]ls. For cxalnl)lc, -90 dl~c

s])ur ]wforrnallcc would  IIolninal]y  mquirc  b = 1 6  l~its of l)l)asc  and a 65,536  c]lt,ry  t a b l e .

Wit]]  first-order ditlicrillg,  this level of l)crforlnalicc  mquircs  oli]y b ~ 8.1 bits of IJllasc ~)cr

c.yc.lc in tllc look-u])  table addmsi]lg.  Worst -c.asc s~)ur IJcrfcm]lancc  of -100.5 dl]c is acllicwcd

with 9 bits,  a 512 mltry table at ]]]ost, and, at a 160 hlllz sal))l)ling  rate,  ‘J’able 1 SILOWS

tll)at  wit]] tllcsc rmlistlic  systc]t]  l)alalnctcrs,  tllc  IIoisc  l)ow’cr sl)cctral  dc]lsit,y is at a, low -I 26

(ll]c/llz.

8 Accdcratcc]  ~pIJI* Suppression

l“urtllcr a]lal~’sis  [1 1] Lascd C)II all cxtc]JsiolJ  of r(:slllts  I)y (;rdy [12] i]l(licat,cs that tllc })l]asc

sl)ur  sul)l~rcssion  rate can  bc illcrcascd ill s teps of  6 dllc l)cr bit by adding;  lnult, i])]c u]liforln

ra]]dolll  deviates to tlllc phase value prior to trul)catlioll. ‘J’llc addition of M u]liforln  ra]ldoln

deviates ])roduccs  a ditllcr  sig]lal witlll  A4t11-order mom ill its cllaractcristic.  function) thus

]Ilaki]lg  tllc Mth ]]]o]nc]}t  of tllc qua]] tizat,io]l cIroI i]ldclmidc]lt  of tl]c  input,  scqucmc.  c [12].

All cxa]l~plc  of tl~is  tccl)lliquc providi])g  18 dllc  ]mr ])l]asc Lit  sl)ur }~crfor]na]lcc is SIIOWII

i]] l“ig. O. ‘J’llis tcd]]]iquc  involves  adding  t w o  (1~ -  L)-bit  u]liforln  deviates  to ])roducc a

(IJ - b -i 1 )  bit ditl,cr sip;]]  al, wl]icl, ac.],icvcs  tl,c accclcratcd  S],UI rcductio,,  due to sccO*ld-

ordcr zeroes in the dithm characterist ic  ful]ctio]].  Si]]]ulatio]l  msult,s  for whcII two uIliforIn

va].ia~~s a].~ a(]d~d  LO tjIc p}]asc arc l)rcscl)tcd  ill till C l}CXt scctio]l. A straigl)tforward  cxtcnsio)l

of tl]is td]nicluc  to l)olynolnial  series allows sl)ur-rcduccd  syllt]icsis  of periodic, digital  sig;llals

wit]] arbitrary waveforms.

16



9 Simdation Results

Si]nulaticnls  wcm lmfor]ncd  to val idate!  tllc  results of this al)alysis.  ‘1’lICSC resu l t s  were

ohtaillcd  using  81 92-Jmillt  u])win(lowcd  l’l~’rl’s,  and tllc syntllcsizcd  frcqucl)c.  ics w e r e  choscm

to rcljrcsc]lt  worst-case a]nplitudc  and  phase sl)ur  l)crforll]allcc. III cacl] of tl]c  figures, tell

~Jowcr spectra were avmagcd to better show’ tl]c spurious co]]fcl]t  of tllc signals. l“ig. 7 shows

tllc J)owcr s~)cctruln  of a sillc wave  of olwciglltll  tllc salll})lillg frc(luc]~cy t,ru~lc.atcd  to 8 hits

of  ampli tude witl]out  ditl]cri[)g.  ltip;  . 8 snows  tllc salnc s})cctrum  with a sixtccll-bit  sinusoid

anlplitudc  ditllcrcd wi th  OI]C ul)iforln  v a r i a t e  l)rior  to tru]lcatioll  to 8 I)its. NOIC t h a t  t h e

sl)urs  ]iavc  Lccll clilllillatcd  to tllc  lcvc]s  Collsisilcllt  wit]] t]]osc  illll)oscxl  l)y tllc i n i t i a l  sixtccll

bit qualltizatio]l.

1+’ig. 9 s]lows tile spcctru]n  of a  5-l~it  ljl)as(:-tllll)catc(l  sillusoi(l  with IIigll-l)rccisio]l  aln-

l)litudc  valum. A wors t -case  cxallll)le  of f irst-order I)lIasc dithcri]l:;  is SIIOWII in IJig. 10.

‘I’l Ic ]ncasured  IIoisc l)OWN sl)cc.tra]  dmlsity  ill 1{’i~;. 10 is -62.3 dllc  ~)cr 1“1’”1’ l)ill, giving  a

]Ioisc density of - 23.2 - 10 lop; (.f., /2) dl~c, ill ap;rcelllcllt  with t,l Ic ul)})cr  l~ou IId dcrivd  ill

]tquatioll  6. ‘1’IIc s])ur ICVCI is - 5 2 . 3  dllc ill Lllc fimt-mdcr ditllcrcd l~ig. 1 0 .

1~’ig. 11 s n o w s  tllc salnc cxalnl~lc usillp;  scco]](l-ordc]  (Al = 2) ditllcril)g  usil]g tllc suln  o f

two  ulliforlll  dcviatm.  Wl]i]c tllc  s]m.tlrul]-l  ill l“ig;. 1 0  snows  tllc rcsidua]  sl)urs  at -12 dl]c

lJcr I)it duc to Sccol]d-order effects, l“ig.  11 snows 110 visible sl)urs , indicating better than

-63 d]lc s})urious  l)crformancc. AdditioIlal  si]nulatio]ls  involving  h4cgal)oillt  1“1’’’1’s  and IIot

rcprcsclltml  l~y figures coIIfirJn  tllc -18 dllc  pcr hit, pcrforlllanm  of tllc second-order phasc-

ditltcrcd  syst)cn].

l“illal]y, 1~’ig. 12 sl]ows a wwrst-case rcsu]t for first-order l)l)asc  dit,llcring  togctl]cr  with

first-order al[lplitudc  ditllcrillg. ‘1’lic alll~)litudc  salnl)lcs  arc trullc.atcd  to 8 bits, as arc t h e

phase samp]cs,  Note that the sl)urs  arc IIot visible in tl]c  spectrum; l]owcvcr,  C.IOSC analysis

has clclnollstratcd  that tlicy  arc prcscn]t at the -88 cIIIc lCVC1 cxl)cctcd  duc to scco]lcl-order
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C!flccts.

10 A System Design l~xarnple

‘1’lIC block  diagram of a direct digital frcqumlcy  syl)tllcsizcr based on tllc tcclllliqucs  prcscntcd

l)crc  is slIowII ill F’ig. 13. ‘J’l]e followil]g  syslcm wo~]ld ~)crforln at a sallll)lillg  rate of 16(I  hflllz,

IJroducillg  8-ljit  digital sinusoids sl)ur-free to -90 dl]c with I)ctltcr than -120 dllc/llz noise

power slmctra] dcl]sity. ‘1’l)c systclll  pa~al]wtcrs arc as follows:

l)l)as~! bits arc ill ullsigllcd  fractiol)al cyc.lc r(:l)lcscl)tatioll  wi th :

l)l)asc accllll-llll:itol  ~~’ord-lcllgtll  dctcrlllillcd  l)y frcqumlc.y  rcsolutioll,  and

> 16 Lits  l)rior  to addit,ioll  of 1 Illliform  l)llasc  ditllcr variate,  wit]l > 9 bits after

ditl]cr additiol]  and  t)rullc.atiol];

Aml)]itudc  look- ul)-tal~]c wit]]:

>  27  L 1 2 8  cllt,rics (using quadral]t  sylllll~ctrics)  of > 16 l)its each  IIc)rlnalizcd

so t,llat tllc s inuso id  alnplit,udc  cqua]s 512 l(i-l)it  quallt, izatioll  stcl)s  lCSS tllall  t,llc

full-sc.alc  value;

l,incar feedback shift register 1’N gmlcrator  wit]l  >16 lags l)mducilJg  onc 8-l~it  ampli-

tude ditllcr  variate, and

OIIC 1,1’’S1/ l)N gcmcrator  w~tll 218 lags for gc~lcratiol]  of tlIc  7-l~it  l)llasc ditllcr varia.tc.

11 Conclusion

A digital dithering al)proacll  to SIJUI reduction  ill tllc gellcratio])  of digital sinusoids has lmcn

~)rcsclitcd.  A class of }~criodic. dit,llcrillg  signals  IIas been allalY~,cd ljcc.ausc of its si]ni]arity
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to I,l”SR  I)N gmcrators.

‘1’hc advantage gained i]) alnplitudc  ditllcrillg  l)mvidcs  for sl)ur  l)erfor]nal]c.e  at tile orig-

inal  lo]]gcr word  ICngtll  i]) all idea] systcln  wllcn  tllc digi tal  ditllcrillg  signal  is wllitc noise

distril>ulml  cvc]lly, hoi ul]iforlnly,  o v e r  ol)c qualltjixatlicm illtcrval. ‘1’llc!  ICduc.cd word  length

allows the usc of less c.olnplicatlcd  lmlltil)lim and narrower data ~Jatlls  in purely  digital al)pli-

catiolls. If tl]c  wavcforln  is ultilnatc]y  ccn]vcrtcd  to all .311alog value, tllc reduced word lc])gtll

allows tllc usc of fast,  coarse-rcsol~ltio]l, hip;llly-li]lcar  (Iigital-to-al)  al[)g  convcrtms  (I) A(;s) to

obtain  sinusoids  or otl Icr lmiodic w a v e f o r m s  wltosc  spcc.tral  l)urity  is lilnited  by tllc l)A~

lillcarity,  not its rcso]utiol]. ‘J’llcsc  results suggest  that coarsc]y  qualltizcxl,  IIigllly-li]lcar  tccl]-

IIique.s  fo r  d ig i t a l - to -ana log  coll~’crsioll  suc]l  as dcl~a-sigllla  II]odlllatio]l  would  be useful  ill

direct  digital frcqucllcy  synthesis of al]a]og  wavcfornlso

‘1’ltc adval]tagc  p;ail)cd ill tllc l)roposcd  lnct]lod  of l)lIasc ditllcrillg  l)rovidcx  for an accclcr-

atliol]  l.)cyoIId tlIc IIorma]  6 d]] pcr bit sl)ur  rcductio]l  to a (i(f!4 -1 1 ) d]]  lmr l)it sj)ur  rcductfion

WlICII  tllc di thering sigl]al co)lsists  of Jf ul)iforln  va r i a t e s . (>ftmi tllc Imst collvcnicnt  w a y

to gm]cratc a periodic wavcforln  is l)y tal)lc look-u])  wit]] a l)llasc  illdcx.  Sillcc  tllc s i z e  o f

a  look-u])  tal.)lc is cxponcmtial]y  r e l a t e d  to tllc  nu]nbcr  of l)llasc  b i t s ,  this can l)rovidc a

dralllatic  reduction ill tile coln~)lcxitly  of h’~())s,  fmqucllcy  syl]t,llcsizcrs,  al)d other j)criodjc

wavcfor]n  generators.

‘1’llc advan tages  o f  ditllcrillg  co]ne  at the cxj)ensc  of an inc reased  Iloisc:  col]tcllt  in tllc

resulting wavcforln. ]Iowcvcr, tllc IIoisc cmcrgy is sj)rcad  Lllrougliout  tile sam~)lill$;  ljalldwidtll.

1]) IIigll  bandwidth a~)l)licatio]ls , ditlllcri]lg  illq)oscs  lnodest  systmn degradation.  I t  has been

S1)OWII t]lat lligll  l)clformallcc  sylltllmizcrs  w i t h  dralnatically  rcxluc.cd Colnl)lcxity  call bc

designed usil)g  tl)e  ditl)cring  lnct]lod,  without, resulting in IIigll  noise power spcc,t,ra]  dcllsity

l e v e l s .



12 Appendix: Worst-case phase spur analysis

Si]Icc the  scqualcc p[n] is Loundcd bct\4um O and 1, tl)c  fullc.tioll u[n]  =-- ~JITl] - yz [71] i s

l~oundcd  bctwcm]  O ancl 1 / 4 ,  wit]] its  lllaxiI1luln va lue  o f  I /4  a t  ~j[?z]  = 1 /2. ‘1’l]ercforc,

u [n] must, IIavc some non-mm  11~ (average) colnl)ollcl]tl. Ally rmnaining  coIn})oIIcIlts  call bc

l)criodic in tl]c worst case. ,Sillc.e  all IIoll-lillcar  o~m’atiolls  nave bcml ~wrfomml, c.ollsc.rvatlim}

of power  (mlcrgy)  argu]l)c]lts  m]] bc used to dctcrllli]lc tllc  total  llo]i-1)~  error powm. ‘1’l]c

total  I)OWC] ill tl]c  1)~ colnIJollcl]t  of u[?~] is cqua]  to tllc square of tllc average va]uc  of u[n].

Silllilarly,  tl)c total l)owcr  in v[?l] is equal to tlic  average  vdluc  of 112[71].  ‘1’IIus, tl]c  l)owcr

rclllaillil]g  for tilnc-varyi]lg  c.oll}l)ollcllts  of u[7)] is :

Av/;(u2[n])  -  @V~;(I/[n]))2  z Avg((u[n]  -  Av~;(@]))2).

‘J’llis valllc is lnaxilllizcxl  l)y II)axilllizillg tllc disl)miiol]  of tllc  salnl)lcs  about  tllc IIlcan.  Wllcn

tllc salll~)]c  va]ucs  arc bolllldcd,  this IIlaxilllizatioll  is acllicvm I I)y placing IIalf of tllc sa]nplcs

at cacll lmu]]d,  so tllatj tllc lnca]l  is  equidis tant  flo]n  cacll hou]]d.  SiIlcc O < u[n] < 1/4, t,l~c

IIlaxilnulll  l)owcr  l)rcscl]t  in IIarlllollic  Collll)ollcllts is 1 /(i4.

‘ 1 ’ 0  fil]d a scquclIcc acllicvillg  this lmul]d,  tllc  scqum]cc  l~{c2[?l]}  lnust  bc cxalllincd  ill

11101’c  dctai]. ‘J’]lc p r e v i o u s  paragral)]l  indicates  t]lat  L]lc lKNIIId will bc achicvcd when lla]f

tlIC sa]nl)lcs of ];{c2[7~]} arc O and IIalf arc A2/4.  Sillcc C2[n] is IIol]-llcgativc,  I~{C2[71,]} =- O

ilnp]ics  tl)at c[?t] z. O. No(,c that  tl]c  diffcrel~cm ljctwccll  ([n] and C[T~-I 1 ] is LIIC l)hasc inc,rmncmt

lnodu]o  tllc quantizatiol]  stcl)  s ize. If, for ally n and 7? -t 1, f[n] : ~ ([n  -1 1] = O, tllc phase

illcrmlmlt can  bc exactly cxprcsscd  ill tlllc lICW qual]tization  stcl).  lly induc t ion ,  ([71] will bc

zc:ro for all ?1 if any two  adjac.cmt va]ucs  l~{c2[n]}  and I;{c2[?z  -1 1 ]} arc Lot]l  zero. ‘.l’hc only

l)ossiblc  scquc]]ce  J;{c2[n]}  achieving tllc worst  case is tllcrcforc  O, 1 /4, O, I /4, O, 1/4..., and

thus,  11[??] =  1 /8  - -  (1/8)  c.os(n? l). ‘J’llis  scqumlcc  IIas a sillglc  sil]usoida]  C.olnl)ol]c]lt  at tllc

Nyquist  frcqucmcy,  half tllc saml)lil]g  rate.
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Table I: Noise Power Spectral IIensities

for 160 MHz Sampling hate

h (bits/cycle) Noise l’owcr  Spectral 1 lcnlsity

5
6
7
8
g

10
11
12

-102.20 (ll]c/llz
-108.22 (lI)c/IIz
-114.24 (ilk/llz
-120.26 dlkjllz
-126.28 dlk./llz
-132.30 dllc/llz
-138.32 dlk/llz
-144.35 dlkjllz
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Fig. 1: Spur gcncralion in conventional
digilal  sinusoid generation
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I~g. 2: Input/output rcla[ion  of a midtread  quantizcr
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Fig. 3: Gmccpluai  waveform gc.ncrator mocicl
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Fig 4: Two-step waveform generator model



l~ig. 5: IJniform  clithcrcd  quantimr
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Fig. 6: Systcm for 18 dIlc pcr phase bit spur reduction
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Fig. 7: l’owcr  spectrum of 8 sample.kyclc sine WVC.
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Fig. & Power  spcckum  of 8 sample./cyclc sine wrvc  with

o-—

-1o-

-20-

-30,

-40.

.sr)-

-Go-

-70-

an)plilude  dithering (8 bi~ amplitude quantizalion)
.—. ——

-d
-90-

‘]@)~---  T-—---  -– — -T - - – -  -—  ‘ 1  ‘ -  ‘--  1  - ‘-- r-– ‘T-----

IW32000.30004030 SOM6W3 7tKK18@3$

o-

.}o-

-20.

-30.

-40.

.so-

-60-

-70-

-so-

-90-

Xr
. Frequency Din

lg. 9: Power spcc[rum  of 5-bil [)hasc.-lrurrcatcd  sine U,avc
\\,i[hout  phmc  dithering <high-precision ampli[ud{—..., .-_. ---

_=-— ..—~ -..–. ~_ —.. ~ .—-. T—_— .-..-–———
lwOm.3m040Msmm  7MK3NKK15K

I’rcqUcncy  Bin

I’lg.  10: Power spcclrurn  of s-bit phase-lrwncalcd sine wvc
With  firsl-onicr phase dilhcring (high-precision arnpl

-1o-

-20-

-30-

40-

.s0.

-60-

-70-

-s0

-90I-1 cm —T-  ———–-—=–—

0 “ 11mxKM3MM14wOsm@xJ  7m 8 0 0 0
l’requcncy Bin

xl



● “.

lqg. 11: Power  spcckum  of 5-bit phase-truncated sine W*VC
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Ifig. 12: Worxt-case power  spx(runl of sinusoid with first-order
o _phasc  di[hcring  and amplitude dithering! hik. McI,).
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l~ig. 13: Block diagram of spur-rcduccd  direct
cligital  frc.qucncy synthesizer
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